Recently, P. Ozsváth and Z. Szabó defined an invariant of contact structures with values in the Heegaard-Floer homology groups. They also proved that the twisted invariant of a weakly symplectically fillable contact structures is non trivial. In this article we prove with an example that their non vanishing result does not hold in general for the untwisted contact invariant. As a consequence of this fact, we show how Heegaard-Floer theory can distinguish between weakly and strongly symplectically fillable contact structures.
Introduction
Recently, P. Ozsváth and Z. Szabó showed how to associate to any contact manifold (Y, ξ) an element c(ξ) ∈ HF (−Y ) in the Heegaard-Floer homology of −Y which is an isotopy invariant of ξ. They also proved that c(ξ) = 0 if ξ is an overtwisted contact structure, and c(ξ) is a primitive element of HF (−Y ) if ξ is Stein fillable, [15] . Later, they proved that a similar non triviality statements holds for the invariants of a weakly symplectically fillable contact structure, provided that the contact invariant is defined so that it has values in the Heegaard-Floer groups with twisted coefficients, [20] .
In this article, we study the untwisted Ozsváth-Szabó contact invariant of symplectically fillable contact structures. There are two different notions of symplectic fillability. A contact manifold (Y, ξ) is said to be weakly symplectically fillable if Y oriented by ξ is the oriented boundary of a symplectic 4-manifold (X, ω) such that ω| ξ > 0. A contact manifold (Y, ξ) is said to be strongly symplectically fillable if Y oriented by ξ is the oriented boundary of a symplectic 4-manifold (X, ω), and ξ is the kernel of a 1-form α such that dα = ω| Y . Strong fillability implies weak fillability, however the converse is not true. The first example of a weakly but not strongly fillable contact manifold was discovered on T 3 by Eliashberg [2] , and more examples were constructed by Ding and Geiges [1] on torus bundles over S 1 building on Eliashberg's one.
In this article we show that the Heegaard-Floer theory is subtle enough to distinguish between weakly and strongly fillable contact structures and that, in general, the use of twisted coefficients in the non triviality theorem for weakly fillable contact structures cannot be avoided. In fact, first we observe that, for strongly symplectically fillable contact structures, the non triviality of the twisted invariant implies the non triviality of the untwisted one. Then, we construct a weakly fillable contact manifold whose untwisted contact invariant with Z/2Z coefficients is trivial, and is therefore not strongly symplectically fillable. The contact manifold considered in this article provides the first example of a tight contact structure with vanishing untwisted Ozsváth-Szabó invariant with coefficients in Z/2Z. Acknowledgements. I thank Ko Honda, Paolo Lisca and András Stipsicz for their encouragement and for many useful discussions. I also thank Peter Ozsváth for helping me to understand Heegaard-Floer homology and Olga Plamenevskaya for answering some questions about her preprint.
Ozsváth-Szabó invariants of fillable contact structures
We start fixing some notations and recalling some known facts. Let (Y, ξ) be a contact manifold, and let s ξ be the Spin c -structure determined by ξ. We denote by c(ξ) ∈ HF (−Y, s ξ ) the contact invariant defined in [15] , and by c + (ξ) ∈ HF + (−Y, s ξ ) its image under the natural map HF (−Y ) → HF + (−Y ). If c 1 (ξ) is torsion, by [15] , Proposition 4.6, c(ξ) is an element of pure degree −d 3 (ξ) − 1 2 , where d 3 is the 3-dimensional homotopy invariant introduced by Gompf in [8] .
As described in [16], given any module A over Z[H 1 (Y, Z)], we can form the groups HF • (−Y ; A), where HF • stands for one of the following HF , HF + , HF − , and HF ∞ . Associated to this construction, we have the contact invariants with twisted coefficients c(ξ; A) ∈ HF (−Y, s ξ ; A) and c + (ξ; A) ∈ HF + (−Y, s ξ ; A), as discussed in [20] .
Let (W, ω) be a symplectic filling of the contact manifold (Y, ξ).
where T r denotes the group-ring element associated to the real number r. The Heegaard-Floer homology groups with twisted coefficients in the module Z[R] will be denoted by
The contact invariant with twisted coefficients of weakly symplectically fillable contact structures satisfies the following non vanishing theorem. Proof. If (W, ω) be a strong filling, then ω| Y is exact. This implies that the 
Ozsváth-Szabó invariants and conjugation of contact structures
The space of oriented contact structures on Y has a natural involution, associating to any contact structure the contact structure with opposite orientation. Definition 3.1. For any contact manifold (Y, ξ) we denote by (Y, ξ) the contact structure obtained inverting the orientation of ξ.
This operation is compatible with the conjugation of the Spin c -structure, in fact s ξ = s ξ . The aim of this section is to relate the involution on the space of contact structures with the isomorphism J :
, Theorem 2.4. We recall that the isomorphism J is a natural transformation in the following sense.
and (Y 2 , t 2 ). Then the following diagram
where F W denotes the map obtained by summing F W,s over all spin c -structures s over W extending s ξ and s ξ ′ (see also [13] , Lemma 2). This result can be refined in the following way.
where W is the cobordism induced by the surgery and k is the canonical spin c -structure associated to the symplectic structure on W . Moreover Proof. By Giroux Theorem [7], we can find open book decompositions of Y and Y ′ adapted to the contact structures ξ and ξ ′ so that both bindings are connected, the pages have genus g > 1 and the surgery link lays on a page. Let Y 0 and Y ′ 0 be the 3-manifolds obtained from Y and Y ′ respectively by 0-surgery on the binding, and let V 0 , V ′ 0 be the induced cobordisms. The Legendrian surgery induces also a cobordism W 0 from Y 0 to Y ′ 0 . Both Y 0 and Y ′ 0 are surface bundles over S 1 , and W 0 admits a Lefschetz fibration over the annulus. Let t and t ′ be the Spin c -structures on Y 0 and Y ′ 0 respectively determined by the fibration, and let k 0 be the canonical Spin c -structure on W 0 determined by the Lefschetz fibration. By [17], Theorem 5.3,
Since the cobordism V ′ is obtained by adding a unique 2-handle along a homologically non trivial curve, the restriction map H 2 (X, Z) → H 2 (W 0 , Z) is an isomorphism, therefore there is a unique Spin c -structure k ′ 0 on X which extends k 0 . By the product formula [18], Theorem 3.4,
and for any other Spin c -structure s = k ′ 0 the map F + X,s is trivial. Let s ′ be the restriction of k ′ 0 to W , then the diagram
commutes. Moreover, F + W,s = 0 for any s = s ′ . To finish the proof, we have to identify s ′ with k.
By [3] , Theorem 1.1, the symplectic structure induced by the Lefschetz fibration on W 0 extends over the 2-handle V ′ , thus we obtain a symplectic structure ω ′ on X with canonical Spin c -structure k ′ 0 . The restriction of ω ′ to W coincides with the symplectic structure induced by the Legendrian surgery, therefore s ′ = k. Proof. By [4] , Lemma 3.1, there is a contact manifold (Y ′ , ξ ′ ) and a symplectic cobordism (W, ω W ) from (Y, ξ) to (Y ′ , ξ ′ ) so that Y ′ is a rational homology sphere and W is composed by 2-handles attached in a Legendrian way. Let θ be the generator of HF − −2 (S 3 ). By [21] , Lemma 1, there is a concave filling
Here we have dropped the original hypothesis of Stein fillability of (Y, ξ) in Plamenevskaya's lemma because of the successive result of Eliashberg [3] , Theorem 1.1.
Let (X, ω X ) be the concave filling of (Y, ξ) obtained by gluing (W, ω W ) and (V, ω V ) along (Y ′ , ξ ′ ), and let k W and k X be the canonical Spin c -structures of (W, ω W ) and (X, ω X ) respectively. Since H 1 (Y ′ , Z) = 0 because Y is a rational homology sphere, k X is the unique Spin c -structure on X which restricts to k W on W and to k V on V . The product formula [18], Theorem 3.4, together with Lemma 3.3, yields
is a concave filling of (Y, ξ) and has canonical Spin c -structure k X , we have ) with the conventions of [5] admits a presentation as a T 2 -bundle over S 1 with monodromy map A : T 2 × {1} → T 2 × {0} given by A = 1 1 −1 0 . In the rest of the section we will use the notation M 0 = M(− 1 2 , 1 3 , 1 6 ). The Seifert fibration and the bundle structure are linked as follows. Let T 2 /A = S 2 be the space of the orbits of the action of A on T 2 , and let π : M 0 → S 2 be the projection induced by
all fibres of π are circles. A has one fix point, one orbit of order two, corresponding to the fix points of A 3 , one orbit of order three, corresponding to the fix points of A 2 , and all the other orbits have order six. The generic orbits correspond to the regular fibres, while the orbits with lower order correspond to the singular fibres. In particular, the singular fibre F 3 with Seifert coefficient 1 6 is the image of {0} × [0, 1]. Put coordinates (x, y, t) on T 2 × R. The following 1-form α n = sin(φ(t))dx + cos(φ(t))dy on T 2 × R define a contact structure ξ n on M 0 for any n > 0 provided that
The main results about this family of contact structures are the following. There is a finite number n 0 such that, for any n > n 0 , ξ n is not strongly symplectically fillable.
The singular fibre F 3 is Legendrian with respect to the contact structure ξ n for all n. We perform a change of coordinates in a neighbourhood of F 3 to compute its twisting number with respect to the framing determining the Seifert coefficient.
be the rotation of angle − π 3 . Then A is conjugated to R in GL + (2, R).
Proof.
A and R are conjugated in GL(2, C) because they have the same characteristic polynomial with distinct roots, therefore they are conjugate in GL(2, R) because they are both real. Let B ∈ GL(2, R) be a matrix such that BAB −1 = R. For any x ∈ R 2 \ {0} we have x ∧ Ax = 0 because A has no real eigenvalues, therefore, after identifying 2 R 2 to R using the canonical basis, x ∧ Ax has constant sign. A direct computation at one point shows that x ∧ Ax is non positive. For the same reason, x ∧ Rx is also non positive, and x ∧ Rx = (det B) −1 Bx ∧ ABx, therefore det B > 0. Proof. Let U be a small A-invariant neighbourhood of (0, 0) in T 2 so that
is a standard neighbourhood of F 3 . Then B −1 is defined on U and U 0 = B −1 (U) is a Rinvariant neighbourhood of (0, 0), i. e. a disc centred in (0, 0). In the coordinates (x ′ , y ′ , t) of U 0 × R the 1-form α n can be written simply as α n = sin(2π(n + 5 6 )t)dx ′ + cos(2π(n + 5 6 )t)dy ′ If we put coordinates (θ, t) on ∂U 0 × I, then a longitude of V is the image in ∂V of the arc t → (e it π 3 , t), while a dividing curve of ξ n is (isotopic to) the image of the arc t → (e −2π(n+ 5 6 )t , t). The computation of the twisting number of F 3 follows from the computation of the slope of a dividing curve on ∂V , which can be easily performed looking at Figure 1 .
Lemma 4.6. If L ⊂ M 0 is a Legendrian curve which is smoothly isotopic to F 3 , then tn(L, ξ n ) ≤ tn(F 3 , ξ n )
Proof. Since A 6 = I, M 0 has a six-fold cover with total space T 3 induced by a cover of S 1 . Let F 3 and L ⊂ T 3 be the pre-images of F 3 and L respectively. By [10] , Theorem 7.6, F 3 maximises the twisting number in its smooth isotopy class. The lemma follows from the obvious monotonicity of the twisting number under finite coverings.
The manifold M 0 has also a presentation as 0-surgery on the right-handed trefoil. Since the right-handed trefoil can be put in Legendrian form with Thurston-Bennequin invariant 1, this surgery presentation yields a Stein fillable contact structure on M 0 . Proposition 4.7. The Stein fillable contact structure on M 0 described by the presentation of M as 0-surgery on the right-handed trefoil is ξ 0 .
Proof. By Theorem 4.2, the Stein fillable contact structure on M o is isotopic to ξ k for some k ∈ N. By Kirby calculus, F 3 is isotopic to the meridian of the trefoil and the framing determining the Seifert coefficient coincides with the framing induced by the disc bounded in S 3 , then tn(F 3 , ξ k ) = −1. By Lemma 4.6 this implies k = 0.
4.2.
Tight contact structures on −Σ (2, 3, 17) . The manifold −Σ(2, 3, 17) is obtained from M(− 1 2 , 1 3 , 1 6 ) by −3-surgery on the singular fibre F 3 with Seifert coefficient 1 6 , where the surgery coefficient is expressed with respect to the same framing used to define the Seifert coefficient. Proof. These contact manifolds are weakly symplectically fillable because they are obtained by Legendrian surgery on (M 0 , ξ 0 ) and (M 0 , ξ 1 ), which are weakly symplectically fillable by Theorem 4.3. Since Σ(2, 3, 17) is a homology sphere, by [14] (see also [3] , Proposition 4.1) the symplectic form on the filling can be modified in a neighbourhood of the boundary so that the filling becomes strong. Proposition 4.10. Let η i be the contact structure obtained from η i by reversing the orientation of the contact planes. Then η i is isotopic to η −i .
Proof. (M 0 , ξ n ) is isotopic to (M 0 , ξ n ) by a shift in the t direction for any n ∈ N. Changing the orientation of the planes changes positive stabilisations into negative ones and vice versa.
Theorem 4.11. The contact structures η −1 , η 0 , and η +1 are all pairwise non isotopic.
Proof. The Stein fillable contact manifolds (−Σ(2, 3, 17), η +1 ) and (−Σ(2, 3, 17), η −1 ) where considered by Lisca and Matić in [11] . By [11] , Theorem 4.2, and [12], Corollary 4.2, η −1 and η +1 are non isotopic. Suppose by contradiction that η 0 is isotopic to η i , where i is either +1 or −1. Inverting the orientation of the contact planes and applying Proposition 4.10, we obtain that η 0 is also isotopic to η −i . From this it follow that η i is isotopic to η −i , contradicting Lisca and Matić Theorem.
Applying the same methods in [5] , one can prove that −Σ(2, 3, 17) admits at most three tight contact structures up to isotopy, therefore we have a complete classification of tight contact structures on −Σ(2, 3, 17).
Proof. d 3 can be computed for one of the Stein fillable contact structures η ±1 using the Stein filling (W, J ±1 ) described in [11] , Figure 2 . One can immediately check that c 2 1 (J ± ) = 0, χ(W ) = 3 and σ(W ) = 0.
4.4.
Computation of the Ozsváth-Szabó invariants. From now on, Heegaard-Floer homology groups will be taken with Z/2Z coefficients. In [19] , Section 8, HF + (Σ(2, 3, 17) ) is computed. Applying the long exact sequence relating HF + and HF , the isomorphism between the Heegaard-Floer homology of −Y and the Heegaard-Floer cohomology of Y [16], Proposition 2.5 (see also [18] , Proposition 7.11), and the Universal Coefficient Theorem, it is easy to show that HF (−Σ(2, 3, 17)) = (Z/2Z) 3 (+2) ⊕ (Z/2Z) 2 (+1) . The degree of c(ξ) is +1 because d 3 (η i ) = − 3 2 . Proposition 4.15. c(η 0 ) = c(η −1 ) + c(η +1 ) Proof. By [21] , Theorem 4 and Section 4, c + (η −1 ) = c + (η +1 ), and moreover c(η −1 ) and c(η +1 ) span HF +1 (−M). Since η 0 is strongly symplectically fillable, by Corollary 2.2 c + (η 0 ) = 0. By Theorem 3.4 and Proposition 4.10, J(c + (η i )) = c + (η −i ). Since the natural map HF (+1) (−M) → HF + (+1) (−M) is an injection, it follows that J(c(η i )) = c(η −i ). In HF (+1) (−M, Z/2Z) = (Z/2Z) 2 the only two J-invariant elements are 0 and c(η −1 ) + c(η (+1) ). We already know that c(η 0 ) = 0, therefore the only possibility left is c(η 0 ) = c(η −1 ) + c(η (+1) ). Now we can use our knowledge of the invariants of the tight contact structures of Σ(2, 3, 17) to deduce partial informations on the invariants of the tight contact structures of M 0 . Proof. Let W be the smooth cobordism between M 0 and M constructed by attaching a 2-handle to M 0 along F 3 . Then by [15] , Theorem 4.2, c(ξ 1 ) = F W (c(η 0 )) = F W (c(η −1 ) + c(η (+1) )) = F W (c(η −1 )) + F W (c(η −1 )) = 2c(ξ 0 ) = 0 From this argument we cannot conclude, unfortunately, that the untwisted contact invariant of ξ 1 with integer coefficients is trivial, but only that it is non primitive. This is however enough to establish the following corollary. This is a new non fillability result, because the integer n 0 in Theorem 4.3 is not given explicitly.
